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Introduction
A non-commutative Noetherian prime polynomial identity (PI) ring is called smooth (or
homologically homogeneous) if it has finite global dimension and the projective dimension
of R/M is constant for all maximal ideals M belonging to the same clique in R. This
notion has been a key ingredient in recent developments in non-commutative algebra. This
is not a surprise since such algebras can be considered to be a natural non-commutative
analogue of the more familiar commutative regular local rings, which play a pivotal role in
commutative rings and algebraic geometry. Examples of smooth PI algebras are plentiful
and include the universal enveloping algebra of a finite dimensional Lie algebra over a field
of finite characteristic, the quantum enveloping algebra and the quantum function algebra
(both in the root of unity case) [2]. Connected graded versions of smooth algebras feature
in the quantum projective plane list of [1]. Other examples are given in [44].
The starting point of this research was an attempt to prove a non-commutative version
of the famous Auslander–Buchsbaum theorem that a commutative regular local ring is a
unique factorisation (or factorial) domain (UFD). A non-commutative formulation of the
above asks if the height one prime ideals of a smooth PI algebra are principal or at least
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assumed in addition to be a maximal order.
Thus we need to bring into play another property which automatically holds in local
rings, namely that of trivial K0. We say that R has trivial K0 if each finitely generated
projective R-module whose rank (i.e. uniform dimension) is a multiple of the rank of R, is
stably free. This notion is slightly weaker than the more familiar condition K0 ∼= Z and is
useful when dealing with matrix rings. We observe that this assumption also holds in some
of the examples mentioned above. With this additional hypothesis we prove a generalisa-
tion (Theorem A) of the Auslander–Buchsbaum theorem. Our version is crucially related
to the structure of the divisor class group of the center of the ring and yields the standard
result when the ring is commutative.
One should note that even under these restrictions we cannot expect that height one
primes will be principal, as is illustrated in [8,9].
Recall (see, e.g. [14]) that Cl(A) is the divisor class group of A. Also P (i) = {x ∈ R |
sx ∈ P i , some s ∈ C(P )} is the ith symbolic power of the prime ideal P in a Noetherian
PI ring R. Moreover, if R is equal to its trace ring, then P (i) = {x ∈R | sx ∈ P i, some s ∈
Z(R)\(P ∩Z(R))}.
Our major results are as follows:
Theorem A. Let R be a smooth prime Noetherian PI ring with center Z(R) and d =
PI.degR. Suppose that R has trivial K0. Then
(i) P (d) = cR with c ∈Z(R), for each height one prime ideal P in R,
(ii) Cl(Z(R)) is a d-torsion group.
Clearly, if R is a commutative regular local ring then d = 1 and we recover the
Auslander–Buchsbaum theorem from the above. Two quantum projective plane examples
of I. Mori [29] show that the number d occurring in Theorem A cannot be improved upon.
The trivial K0 assumption in Theorem A is indispensable, since one can construct a com-
mutative Dedekind domain (this being trivially smooth) with a torsion free class group,
using Claborn’s theorem [14]. Also, there does exist an example to show that such an
ideal, with maximal PI.deg, need not be generated by central elements.
As a consequence of Theorem A we obtain the following rather general result which
does not appear to have been anticipated.
Theorem B. Let g be a finite dimensional Lie algebra over a field of prime charac-
teristic and Ug its universal enveloping algebra. Then Cl(Z(Ug)) is d-torsion, where
d = PI.degUg.
We obtain further information for certain quantum algebras. Recall that a commutative
domain is said to be locally UFD if each of its localizations at a maximal ideal is a UFD.
Theorem C. Let g be a complex semi-simple finite dimensional Lie algebra and Ug its
quantum enveloping algebra with  a root of unity. Then
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(ii) each height one prime P in Ug is stably free and is centrally generated.
Theorem C(i) can be regarded as an analogue of the factoriality of the semi-center
of Ug, as established by Moeglin [25]. Similarly, Theorem C(ii) has also a counterpart
in Ug [26]. In order to prove Theorem C we need Theorem A and certain more special-
ized results from the literature. In particular we use the complete intersection property of
Z(Ug) as established by De Concini–Procesi [13], the fact due to Steinberg [41], that the
codimension of the singular locus exceeds two, Grothendieck’s purity theorem for com-
plete intersection rings and a result of Cutkosky [7]. We do not know if P is actually free.
Neither do we know if Z(Ug) is in fact a UFD.
The following application of Theorem A is obtained by combining it with results of
Danilov [10], Griffith–Weston [17] and Demazure–Watanabe [45]. We refer to [18] for
unexplained terminology.
Theorem D. Let R be a connected N-graded Noetherian PI algebra of finite global dimen-
sion (with homogeneous parts being finite dimensional). Let d = PI.degR. Then
(i) Cl(Z(R)) is d-torsion and rank(Cl(ProjZ(R)))= 1.
(ii) Cl(Z(R)) is a finite group if in addition, charR = 0. Consequently, Cl(ProjZ(R)) is a
finitely generated group.
Finally, the similarity between the complex Ug and Ug (in prime characteristic) sug-
gests, on the basis of Theorem C, the following conjecture.
Conjecture E. Let g be a finite dimensional semi-simple Lie algebra over a field of prime
characteristic. Then Z(Ug) is a UFD.
We remark that some restrictions on the characteristic may be needed. We can verify
Conjecture E, if g = sl(2), by using a result of Samuel.
The paper is organized as follows. In Section 1, we prove Theorems A, B and C. We
also show there the validity of Conjecture E in the case g = sl(2). Skew group rings are
also considered. Section 2 is devoted to the connected graded case where Theorem D is
proved. Section 3 is devoted to examples, showing among other things, that the bounds of
Theorem A are optimal. The necessity of the trivial K0 assumption, in Theorem A, is also
illustrated.
1. Proofs of Theorem A and of some consequences
Theorem A and its consequences are the major topics in this section. To this end we
need several preparatory results which are of some independent interest. Several of the
next results are concerned with maximal orders with stably free two-sided ideals.
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two-sided ideal in R satisfying
I ⊕ · · · ⊕ I︸ ︷︷ ︸
n-times
∼=R ⊕ · · · ⊕R︸ ︷︷ ︸
n-times
, as right R-modules.
Then I dn = cR with c ∈ Z(R) and d = PI.degR.
Proof.
n-times︷ ︸︸ ︷
I ⊕ · · · ⊕ I = y1R + · · · + ynR, where {y1, . . . , yn} is a free set of generators. Let
yˇi be yi written in a column form, for each i. Then,
⎛
⎝ I...
I
⎞
⎠= (yˇ1 | yˇ2 | · · · | yˇn)
⎛
⎝R...
R
⎞
⎠
and consequently Mn(I) = αMn(R), where α = (yˇ1 | · · · | yˇn). Now Mn(I) being a two-
sided ideal in Mn(R) implies, by [3, Proposition 1.8], that αMn(R) = Mn(R)α and there-
fore that α is a normal element in Mn(R). Clearly PI.degMn(R) = nd , and hence by
[20, Proposition 4], Mn(I)nd = det(α)Mn(R) with det(α) ∈ Z(Mn(R)) = Z(R). There-
fore Mn(Ind)=Mn(det(α)R) and consequently Ind = det(α)R. 
Theorem 2. Let R be a PI Noetherian maximal order and I a two-sided ideal in R which
is a right stably free R-module. Then I d = cR with c ∈Z(R) and d = PI.degR.
Proof. By [22, Theorem 1] and a Goldie rank argument (e.g. [3, Proposition 1.13]), there
exists an integer t such that
I ⊕ · · · ⊕ I︸ ︷︷ ︸
n-times
∼=R ⊕ · · · ⊕R︸ ︷︷ ︸
n-times
,
as right R-modules, for each n t . Therefore by taking t = n, n= t + 1 and using Propo-
sition 1, we get I td = c1R and I (t+1)d = c2R, with c1, c2 are in Z(R). By substitution
we get c2R = I (t+1)d = I td · I d = c1I d . Therefore I d = cR, where c = c2/c1 ∈Z(Q(R)).
However, c ∈ I d and hence c ∈Z(R). 
Remarks. (1) Right stably free two-sided ideals are left stably free by [3, Proposition 1.14].
(2) The assumption that R be a maximal order is indispensable here since [16, Proposi-
tion 5.7] provides an example of a two-sided ideal which is stably free but no power of it
is free.
(3) By using Claborn’s theorem [14, Theorem 14.10] one can produce a commutative
Dedekind domain with an arbitrary divisor class group and in particular with an ideal which
is projective but no power of it is principal. This shows that the stably free assumption is
necessary.
(4) Examples in [8, Section 6] and [9], show that one cannot improve upon d .
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prove the same for prime rings.
Proposition 3. Let R be a local Noetherian prime PI maximal order with Z(R) a DVR. Let
M be the unique maximal two-sided ideal of R and m the unique maximal ideal of Z(R).
Then for some integer e, Me =mR and e divides d = PI.degR. Moreover ef = d2, where
f = [R/M :Z(R)/m].
Proof. By [35, Theorems 18.3 and 18.7] every two-sided ideal in R is a power of M and
M is principally generated. So Me =mR for some e and M = xR =Rx for some x in R.
Consequently, Md = xdR and, by [20, Proposition 4], xd = det(x)w, where w is a unit
in R. Now Z(R) is a DVR, implying that m= (y) for some y in Z(R) and me1 = (det(x)),
for some e1. Consequently, ye1 = det(x)w1, where w1 is a unit element in Z(R). Also
the equalities xeR = Me = mR = yR imply that xe = yw2, where w2 is a unit in R.
Consequently xee1 = (yw2)e1 = det(x)we12 w1 and therefore
xee1w = det(x)wwe12 w1 = xdwe12 w1.
So if ee1 = d , we get, by the last equality, that some power of x is a unit element in R,
an obvious contradiction to M = xR. Therefore, ee1 = d as required. The remaining part
of the proposition follows from the observation that the natural R-module map r → xir +
xi+1R, is an onto map on xiR/xi+1R, for each i, with kernel xR (we use here the fact
that x is necessarily a non-zero divisor being a normal element). Consequently
[
xiR/xi+1R :Z(R)/m]= [R/xR : Z(R)/m]= [R/M : Z(R)/m]= f, for each i.
Now R is a free Z(R)-module of rankd2, implying that
d2 = [R/mR :Z(R)/m]= e−1∑
i=0
[
xiR/xi+1R : Z(R)/m]= ef. 
The next few lemmas are elaborations of some mild generalizations of standard results.
Notation.
Φ(R)= {M |M is a finitely generated torsion free R-module with rankRM = k rankRR,
for some integer k},
where rankRM = uniform dimension of RM ≡ the Goldie rank of M .
We now recall the following definition.
Definition 4. Let R be a prime Noetherian ring. Then R is said to have trivial K0 if every
projective R-module M , with M ∈Φ(R), is stably free.
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Then M is stably free.
Proof. By induction on the length of the given FFR. Clearly if RM is free then the result
is trivial. So we may assume that k > 0 in the following FFR:
0 → Fk → ·· · → F0 →M → 0.
Let K be the first syzygy. Therefore the following FFR of K has a smaller length,
0 → Fk → ·· · → F1 →K → 0.
We next verify that K ∈Φ(R). Indeed K ⊂ F0 and therefore K is a torsion free R-module.
Next let ρ(X) = rankR(X/torX) be the Goldie reduced rank of a module X, where torX
is the torsion submodule of X. Since ρ is additive on short exact sequences, we get that
ρ(K)= ρ(F0)− ρ(M)= nρ(R), for some n. Also K ⊕M ∼= F0 by the projectivity of M .
Consequently, by induction, RK is a stably free R-module. Hence K ⊕ R(t) ∼= R(s) for
some t and s. Therefore R(s) ⊕M ∼= K ⊕R(t) ⊕M ∼= F0 ⊕R(t) shows that RM is stably
free. 
Lemma 6. Let R be a Noetherian prime ring, t a variable, and S an Ore set in R[t].
Suppose that M ∈ Φ(R) has an FFR. Then M[t]S ∈ Φ(R[t]S) and has an FFR as an
R[t]S -module.
Proof. R[t]S is a right (and left) flat R-module. So given the FFR
0 → Fk → ·· · → F0 →M → 0,
we get that the following sequence,
0 →R[t]S ⊗R Fk → ·· · →R[t]S ⊗R F0 →R[t]S ⊗R M → 0,
which is also an FFR of left R[t]S -modules. The result follows since R[t]S ⊗R M ∼=
M[t]S . 
Lemma 7. Let R be a prime Noetherian ring with trivial K0. Then each M ∈ Φ(R), with
pr.dimRM <∞, has an FFR.
Proof. By induction on pr.dimRM . If RM is projective, then by assumption RM is stably
free and hence clearly has a FFR of length  2. So we may assume that pr.dimRM > 0.
Let 0 → K → F0 → M → 0 be an exact sequence with RF0 a free finitely generated
R-module. Then pr.dimRK = (pr.dimRM) − 1. Now as in Lemma 5, one verifies that
K ∈Φ(R) and therefore by induction RK has a FFR. Consequently RM has a FFR. 
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pr.dimRM < ∞. Suppose that M[t]S is a projective R[t]S -module, where t is a variable
and S an Ore set in R[t]. Then M[t]S is a stably free R[t]S -module. Similarly, if MS is a
projective RS -module, with S an Ore set in R, then MS is stably free.
Proof. By Lemma 7, M has a FFR. By Lemma 6, M[t]S ∈ Φ(R[t]S) and has an FFR
(as an R[t]S -module). Consequently by applying Lemma 5 to M[t]S ∈ Φ(R[t]S) we con-
clude that M[t]S is a stably free R[t]S -module. We omit the identical details for the last
statement. 
The next result has some artificial resemblance to [42, Theorem 2.10]. In fact it is much
easier.
Lemma 9. Let R be a smooth prime Noetherian PI ring with trivial K0. Then R is a
maximal order.
Proof. By [43, Theorem 5.4] R =⋂X RX , where X runs over all cliques of height one
primes. Let X = X(P ) be such a typical clique, with P a height one prime in R. It suf-
fices to show that X = {P }, namely that P is localizable. Now by [5, Theorem 3.5] RX is
hereditary and consequently PX is a projective RX-module (from both sides). By assump-
tion and Corollary 8 (working with RS , where S ≡ C(X)) we get that PX is stably free.
Consequently by [3, Theorem 1.7] PX is invertible and hence localizable, implying that P
is localizable. 
The next result generalizes [5, Theorem 3.5].
Lemma 10. Let R be a prime Noetherian smooth PI ring and S an Ore set in R. Then RS
is a smooth Noetherian PI ring.
Proof. By [43, Theorem 5.4] R = T (R), the trace ring of R, and in particular R is integral
over its center. Moreover, by [4, Lemma 1], RS =Rdet(S) and we can, therefore, by replac-
ing S by detS, assume that S ⊆ Z(R). Given P1s , P2s , two maximal ideals of RS in the
same clique, then P1 ∩Z(R)= P2 ∩Z(R)≡ p [15, Lemma 11.7]. Now since S ⊆ Z(R)\p
and Rp/Pip is a simple ring for i = 1,2, we have
RS [Rp/Pip] ∼= RS [Rs/Pis], i = 1,2.
Therefore
pr.dimRS [Rs/Pis] = pr.dimRS [Rp/Pip] = flat.dimRS [Rp/Pip] = flat.dimRp [Rp/Pip]
= pr.dimRp [Rp/Pip], for i = 1,2,
where the third equality is due to [28, 7.4.2(iii)]. Now by [5], Rp is smooth, implying
pr.dimRpRp/P1p = pr.dimRpRp/P2p = gl.dimRp,
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pr.dimRS [Rs/P1s] = pr.dimRS [Rs/P2s].
Since gl.dimRS <∞ we conclude by [28, 7.4.4] that
pr.dimRSRs/Pis = gl.dimRS, for i = 1,2. 
Lemma 11. Let R be a smooth prime Noetherian PI ring. Then R[t] is a smooth prime
Noetherian PI ring, where t is a variable.
Proof. The only unclear issue is the smoothness of R[t]. However R = T (R) implies
R[t] = T (R[t]) and therefore R[t] is integral over its center. One can use now [5, Theo-
rem 7.3], practically unchanged. 
Lemma 12. Let R be a smooth prime Noetherian PI ring with trivial K0. Let S be an Ore
set in R[t]. Then R[t]S is a maximal order.
Proof. R[t]S is smooth by Lemmas 10 and 11. Consequently by [43, Theorem 5.4(ii)]
R[t]S =⋂X(R[t]S)X , where X runs on all cliques of height one primes in R[t]S . There-
fore it suffices to show that (R[t]S)X is a maximal order for each such X. Equivalently,
it suffices to show that (R[t]S)V is a maximal order for each height one prime V in
R[t]S and this is equivalent to showing that V is localizable. If V ∩ R = {0}, then
PI.degR[t]S/V = PI.degR[t]S and therefore V is localizable and (R[t]S)V is a smooth
Azumaya algebra and in particular a maximal order. If V ∩R = {0} then clearly V ∩R is
a non-trivial prime ideal in R, so let W ⊆ V ∩R be a height one prime in R. Then W [t]S
is a non-zero prime ideal in R[t]S , implying since height(V ) = 1, that W [t]S = V . Con-
sequently V ∩R =W . Therefore, by Lemma 9, W ∗W  W . Consequently V ∗V  V and
therefore, by [3, Theorem 1.7], VV is an invertible maximal ideal in (R[t]S)V , showing
that (R[t]S)V is a maximal order. 
Lemma 13. Let I be a prime ideal in a Noetherian PI ring R which is left projective. Then
I (i) = I i , for each i.
Proof. By induction on i, the case i = 1 being trivial. If a ∈ I (i), then ta ∈ I i for
some t ∈ C(I ). Clearly a ∈ I (i) ⊆ I (i−1) = I i−1, where the last equality is by induc-
tion. Now I i−1/I i is a left projective R/I -module since RI i−1 is projective. Consequently
R/I [I i−1/I i] is torsion free and hence t¯ a¯ = 0 implies that a¯ = 0, namely a ∈ I i . 
We shall prove now Theorem A(i).
Theorem 14. Let R be a prime Noetherian smooth PI ring with trivial K0. Let d ≡
PI.degR. Then P (d) = cR, with c ∈Z(R), for each height one prime ideal P in R.
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for some c0 ∈ Z(R[t]) = Z(R)[t]. Indeed if c is the constant term in c0, then clearly
P (d) ⊆ cR. The reverse inclusion follows since cR ⊆ c0R[t]∩R = P (d)0 ∩R ⊆ P (d). By an
abuse of notation we denote P [t] by P . Let S be the multiplicative semi-group generated
by all the prime elements in Z(R[t]). We shall now separate the argument into two cases
as follows:
Case 1: P ∩ S = ∅.
Case 2: P ∩ S = ∅.
We shall firstly consider Case 1. We shall next show that K.dimR[t]S  2, where
K.dimM stands for the Krull dimension of M . Since R[t]S is a smooth Noetherian PI
ring by Lemmas 10 and 11 we get by [43, Theorem 5.4] that R[t]S is integral over
Z(R[t]S) = Z(R)[t]S . Consequently it suffices to shows that K.dimZ(R)[t]S  2. Let
m be a maximal ideal in Z(R)[t]S . Hence m = qS , where q is a prime ideal in Z(R)[t].
Let v ≡ q ∩ Z(R). Suppose that height(v)  2. Then, since Z(R) is a Krull domain by
[43, Theorem 5.4], we get that grade(v) 2. Equivalently, there exists a regular sequence
{a, b} ⊆ v. Therefore, by standard arguments, a + bt is a prime element in Z(R)[t] and
therefore a + bt ∈ S ∩ q . This contradicts q ∩ S = ∅. Therefore height(v) 1. We clearly
have the following equalities:
(
Z
(
R[t])
S
)
m
= (Z(R[t]))
q
= (Z(R)[t]v)q = (Z(R)v[t])q .
Now since K.dimZ(R)v  1, we have K.dimZ(R)v[t]  2 and therefore, by the above
equality, we get height(mm)  2, that is height(m)  2 for each maximal ideal m in
Z(R)[t]S . Now by Lemmas 10, 11 and [5, Theorem 2.5] this implies that gl.dimR[t]S =
K.dimR[t]S  2.
We shall now show that PdS = cR[t]S , for some c ∈ R[t]. Indeed let X be any clique of
maximal ideals in R[t]S . If (R[t]S)X is hereditary then (PS)X is obviously projective. If
gl.dim (R[t]S)X = 2, then since height((PS)X)= 1, we get by [6, Corollary 5], that (PS)X
is projective. This implies (using the fact that a module MR is projective iff 1 ∈MM∗) that
PS is a projective R[t]S -module (from both sides). Therefore, by Corollary 8, PS is a stably
free ideal. Now, by Lemma 12, R[t]S is a maximal order. This shows, using Theorem 2, that
PdS = cR[t]S , for some c ∈Z(R)[t]. Note that by Lemma 13 we also have P (d)S = cR[t]S .
We shall next show that c = s1 · · · ska, where s1, . . . , sk are prime elements in Z(R)[t]
(and hence are in S) and a is not contained in any principal prime ideal of Z(R)[t]. Indeed
Z(R)[t] is a Krull domain so each element is contained in only finitely many height one
primes. In particular, c is contained in m distinct principal primes (s1), . . . , (sm) say. Since⋂
n b
nR[t] = {0}, for any non-invertible b in R[t], the element c is contained in only a
finite number of powers of each (si). Hence c = se11 · · · semm a where a is not contained in
any principal prime of Z(R)[t]. Consequently
P
(d) = Pd = aR[t]S.S S
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hr ∈ aR[t], for some h ∈ S. Let (t1), . . . , (tk) be principal primes in Z(R)[t] such that
h = te11 . . . tekk . R[t] is a smooth Noetherian PI ring and hence by [5, Theorem 4.1(ii)]
R[t]/hR[t] has an Artinian quotient ring. Now (t1), . . . , (tk) are the minimal primes above
(h) in Z(R)[t], so by [38, Theorem 4.4.24], each minimal prime ideal above hR[t] in R[t]
contracts to some (ti). Therefore since a /∈ (ti), for each i, we get that a¯, the image of a in
R[t]/hR[t], is a regular element in R[t]/hR[t]. Recall that hr ∈ aR[t], that is hr = aw,
with w ∈R[t]. Consequently a¯w¯ = 0¯ and therefore, since a¯ is regular, we have w¯ = 0¯, that
is w ∈ hR[t]. So w = hw1, w1 ∈ R[t]. Hence hr = a(hw1), which implies that r = aw1,
or r ∈ aR[t]. Consequently aR[t]S ∩R[t] ⊆ aR[t]. The reverse inclusion is trivial.
This concludes the proof of Case 1 since P (d) = P (d)S ∩R[t] = aR[t]S ∩R[t] = aR[t],
where the first equality is easy since P ∩ S = ∅ and the other equalities were proved in the
previous paragraphs.
We shall now handle Case 2. Suppose therefore that h ∈ P ∩ S. Let p = P ∩ Z(R)[t].
Then p contains a prime element c of Z(R)[t], so p = (c)= cZ(R)[t]. Now by Lemma 12
R[t]p is a maximal order with center Z(R)[t]p , which is a DVR. Consequently, by Propo-
sition 3,
P ep = cR[t]p,
and e divides d = PI.degR. By Lemma 13 we have Pdp = P (d)p and P ep = P (e)p . Hence
P (d)p =
(
P ep
)d/e = cd/eR[t]p.
Let a = cd/e. Hence
P (d) = P (d)p ∩R[t] = aR[t]p ∩R[t].
The proof will end once we show that aR[t]p ∩R[t] = aR[t]. Let r ∈ aR[t]p ∩R[t]. Then
xr ∈ aR[t] for some x ∈ Z(R)[t]\p. Now R[t]/aR[t] has an Artinian quotient ring by [5,
Theorem 4.1] and the unique minimal prime ideal of Z(R[t]) above a is p = (c). Now by
[38, Theorem 4.4.24] each height one prime ideal of R[t] above aR[t] contracts to (p) and
therefore x¯ is a regular element in R[t]/aR[t], implying that r¯ = 0¯, that is r ∈ aR[t]. The
reverse inclusion is obvious. 
We now proceed to prove Theorem A(ii). We need two preliminary results.
Lemma 15. Let R be a ring with 1, and suppose that Z(R) is a direct summand of R. Then
αR ∩Z(R)= α for each ideal α in Z(R).
Proof. Let f ∈ HomZ(R)(R,Z(R)) such that f (a)= 1, for some a ∈R. Then
αR ∩Z(R)= (αR ∩Z(R))f (a)= f ((αR ∩Z(R))a)⊆ f (αR)= αf (R)⊆ α. 
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p ≡ P ∩ Z(R). Suppose that Rp is a maximal order with center Z(R)p , a DVR. Then
p(i) = P (ie) ∩Z(R), for each i, where P ep = ppRp .
Proof. Z(R)p is a DVR and hence RP is a finitely generated free module over Z(R)p . In
particular Z(R)p is a Z(R)p-direct summand of Rp . Consequently, by Lemma 15, we have
pip = pipRp ∩Z(R)p , for each i. Now P eip = (P ep)i = pipRp , for each i. Consequently
p(i) = pip ∩Z(R)= P eip ∩Z(R)p ∩Z(R)∩R =
(
P eip ∩R
)∩Z(R)= P (ei) ∩Z(R),
for each i. 
Theorem 17. Let R be a prime Noetherian smooth PI ring with trivial K0. Then Cl(Z(R))
is a d-torsion group, where d = PI.degR.
Proof. By [14, Proposition 6.8], an equivalent formulation is p(k) = cZ(R), for each
height one prime p in Z(R), where k divides d . Let P be a height one prime ideal in R
satisfying P ∩Z(R)= p. By Theorem 14 we have that P (d) = cR for some c ∈Z(R). We
have, by Proposition 3, P ep = ppRp and e divides d . Let k = d/e. Then by Lemma 16, we
have
p(k) = P (ke) ∩Z(R)= P (d) ∩Z(R)= cR ∩Z(R)= cZ(R),
and the result follows. 
Remark. Suppose in addition that PI.degR/P = d , then by Proposition 3 and the Artin–
Procesi theorem we have e = 1, f = d2. Consequently P (d) = cR as well as p(d) = cZ(R).
Our next result is an immediate consequence.
Theorem 18. Let g be a finite dimensional Lie algebra over a field of finite charac-
teristic and Ug its enveloping algebra. Then Cl(Z(Ug)) is a d-torsion group, where
d = PI.degUg.
Proof. By classical results of Jacobson and Zassenhaus Ug is a domain, finite module
over its affine normal center. By [2, Corollary 1.10] Ug is a smooth PI ring (see also [23]).
Now since Ug has a well-known filtration with grUg being a polynomial ring, [28, The-
orem 12.3.4] can be used to deduce that every finitely generated projective Ug-module is
stably free. In particular Ug has a trivial K0. The rest follows from Theorem 17. 
The previous theorem suggests an improvement for special families of Lie algebras.
The following conjecture seems plausible.
Conjecture 19. Let g be a semi-simple finite dimensional Lie algebra over a field of finite
characteristic and Ug its enveloping algebra. Then Z(Ug) is a UFD.
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P. Samuel.
Proposition 20. [39, Proposition 8] Let A be an integrally closed domain with a, b ∈ A
satisfying aA ∩ bA = abA, and such that aA, aA + bA are prime ideals in A. Then
Cl(A)∼= Cl(A[x]/(ax − b)), and A[x]/(ax − b) is integrally closed.
We next recall a result which was originally proved by Rudakov and Shafarevich [37].
A more accessible reference is [19, pp. 481–482].
Proposition 21. Let g = sl(2) considered over a field k of odd characteristic p. Then
Z(Ug) is generated by x ≡EP , y = FP , z =HP −H and t = (H + 1)2 − 4EF , subject
to the following defining relation: tP − 2tP+1/2 + t = z2 − 4yx. Here
E =
(
0 0
−1 0
)
, F =
(
0 1
0 0
)
and H =
(
1 0
0 −1
)
.
Proposition 22. Z(Usl(2)) is a UFD.
Proof. If sl(2) is an algebra over a field k with chark = 0, then Z(Usl(2)) is a polynomial
ring by a well-known result. If chark = 2, then Z(Usl(2)) = k[E2,F 2,H ], which is a
polynomial ring. We may assume therefore that chark = p  3. Now take a = 4y, b =
z2 − (tP − 2tP+1/2 + t). Then a is a prime element in the polynomial ring k[y, z, t] ≡ A
and clearly b is a prime element in A/aA∼= k[z, t]. So all the conditions of Proposition 20
are satisfied and consequently Cl(Z(Usl(2)))∼= Cl(k[y, z, t])= {1}. 
Remark. (1) It is possible that Conjecture 19 needs some modifications such as p should
be a good prime for G, and/or G should have no Ar component with r ≡ −1 (mod p).
Here G is a connected simply connected, semi-simple algebraic group over k with Lie
algebra g.
(2) We were informed by A. Premet and R. Tange [32] that they have verified Conjec-
ture 19 for g = sl(n) (with n being prime to p) and g = gl(n).
Our next topic is an improvement of Theorem A for the quantum enveloping algebra
Ug, where ∈ is an odd lth primitive root of unity, g is a complex semi-simple Lie algebra
and l is prime to 3 if g involves a G2-factor.
The next lemma is essentially [2, Proposition 2.2]. We reproduce it here in order to show
how the trivial K0 property is also obtained.
Lemma 23. Ug is smooth Noetherian PI ring with trivial K0.
Proof. That Ug is smooth follows from [2, Proposition 1.6]. By [13, Theorem 19.1], Ug
is a finite module over a central affine subring and in particular Ug is Noetherian. Now
as in [2, Proposition 2.2], there exists a sequence of algebras Ug, U(0), . . . ,U(N), each of
136 A. Braun, C.R. Hajarnavis / Journal of Algebra 299 (2006) 124–150which is the associated graded ring of the previous one with respect to a Z+-filtration. Now
U(N) is an iterated skew polynomial ring over a Laurent polynomial coefficient ring. It is
standard that the latter ring has the property that each of its projective modules is stably
free. This property is transferable via [28, 12.3.3(iv)] to U(N) and by [28, Theorem 12.3.4]
each U(i) has this property as well. In particular every projective Ug-module is stably free
and hence Ug has a trivial K0. The remaining properties of Ug, that is, being a domain
with finite global dimension, are proved in [2, Proposition 2.2]. 
Theorem 24. Let g, Ug be as above. Then
(i) Z(Ug) is locally a UFD,
(ii) each height one prime P in Ug is stably free and is generated by P ∩Z(Ug).
Proof. Denote Z(Ug) = Z. By [2, 4.2], codimension(singular locus(Z)) 3, that is Zp
is a regular local ring, for each prime ideal p in Z with height(p)  2. Consequently by
the classical purity of the branch locus, Zp (and its completion Zˆp) is pure [30, Theo-
rem 41.1]. Also by [13, Theorems 21.45 and 21.5], Z is a complete intersection. Therefore
by Grothendieck’s theorem [40, X.3.4], Zp is pure for each prime p with height(p)  3.
Let m be a maximal ideal in Z. Then Zm is obviously excellent of equicharacteristic zero.
Consequently by [7, Theorem 22 or Lemma 4] Cl(Zm) cannot have any non-trivial tor-
sion subgroup. This contradicts Theorem 17, which is applicable by Lemma 23, unless
Cl(Zm)= {1}, that is Zm is factorial for each maximal ideal m in Z. This settles item (i).
We now prove item (ii). Indeed by [2, Theorem 4.3] we have that PI.degUg/P = d ≡
PI.degUg, for each height one prime P in Ug. Let m be any maximal ideal in Z. So Zm is
a UFD. Suppose that Pm = (Ug)m. Then, by a standard argument, using PI.degR/P = d
and Pm ∩ Zm being principal, we have Pm = (Pm ∩ Zm)(Ug)m. Therefore Pm is a free
(Ug)m-module for each maximal ideal m in Z. Consequently P is a projective Ug-
module and by the trivial K0 property of Ug, P is stably free. Finally P = (P ∩ Z)Ug
holds, since we showed it locally. 
Remarks. (1) In [25] it was shown that the semi-center of Ug is factorial, where g is
any complex finite dimensional Lie algebra. Theorem 24(i) may therefore be regarded as a
quantum analogue of this result. Theorem 24(ii) also has its counterpart in Ug [26].
(2) According to [17, p. 475], the method of [7, Lemma 4] is due to Abhyankar and also
appears in [34, p. 68].
(3) It is fairly standard that there is a strong resemblance between complex Ug and Ug
over a field of prime characteristic, if g is (classical) semi-simple. Therefore Theorem 24
supports the feasibility of Conjecture 19.
(4) It would not be too surprising if Z(Ug) were actually factorial. This will instantly
show that each height one prime P is free, and is generated by a single central element.
We now deal with two more specialized families. The next result is a direct corollary of
Theorem A, [2, Corollary 1.8 and Proposition 2.7], and [24, Corollary (iv)].
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group SLn(k), where ∈ is a primitive root of unity. Then Cl(Z(θ)) is d-torsion, where
d = PI.deg θ .
Remark. It is hoped that we shall provide an improvement of Theorem 25 in a future paper.
We now consider the following example.
Example 26. Let k[x1, . . . , xn] = A be a polynomial ring and G a finite group of k-linear
automorphisms on G. Suppose also that |G| is invertible in k. Then the skew group ring
R =A∗G is a prime Noetherian PI ring and it is also smooth [46, Corollary 2.11]. However
R has a non-trivial K0 and therefore this ring is not covered by Theorem A. Nevertheless,
similar results can be obtained by using the following.
Lemma 27. Let A be a UFD and G a finite group of automorphisms of A. Then Cl(AG) is
|G|-torsion.
Proof. By [14, Theorem 16.1], there is an injection:
i : Cl
(
AG
)→H 1(G,A∗),
where A∗ = A\{0}, and is regarded as a G-module with multiplication in A∗ written ad-
ditively. Now it is a standard result in group cohomology that Hn(G,A∗) is a |G|-torsion
group, for each n 1. 
Corollary 28. Let A be a UFD and G a finite group of automorphisms on A. Let R =A∗G
be the skew group ring. Then Cl(Z(R)) is |G|-torsion and |G| = PI.degR.
Proof. It is standard that Z(R)=AG, and therefore the first assertion follows from the pre-
vious lemma. Let K = quotient field of A and F = quotient field of AG. Clearly KG = F
and the result is implied by the following inclusions:
R ↪→ EndAG(A) ↪→ EndF (K). 
For the analogue of the other part of Theorem A, as well as an improvement of
Lemma 27, in case A∗G is also a maximal order, we prove the following.
Proposition 29. Let A be a UFD and G a finite group of automorphisms of A. Suppose
that R ≡ A∗G is also a maximal order. Then each height one prime P in R is principal,
and P |G0| = cR, for some c in Z(R). Here G0 = stabilizerG(p) and p is any prime ideal
in A which contracts to P ∩AG.
Proof. It is standard that P ∩ A is semi-prime and is also a G-prime ideal in A (see,
e.g. [31, Lemmas 14.1, 14.2]). Consequently, there exists a prime ideal p in A, which
is minimal over P ∩ A and ⋂ pg = P ∩ A. Now R is a prime Noetherian PI ring,g∈G
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closed, which implies that AG = Z(R), is a Krull domain. Therefore, by “going down”
between R and Z(R) [38, Theorem 4.4.24], we have that height(P ∩Z(R))= 1 and there-
fore height(p) = 1. So p = xA, for some x in A and consequently pg = xgA, for each
g ∈ G. Let G0 = stabilizerG(p) and H = a set of coset representatives of G/G0. Then,
since xg is a prime element for each g ∈G, we have
⋂
g∈G
pg =
∏
h∈H
xhA,
that is P ∩A= yA where y =∏h∈H xh. Therefore by [27, Theorem 4.6, Proposition 4.7],
(P ∩ A)R is a prime ideal in R which is contained in P , implying that yR = P . Let∏
g∈G xg ≡N(x), then
∏
h∈H
( ∏
σ∈G0
xσ
)h
=
∏
g∈G
xg ≡N(x) ∈AG.
Also xσ = xuσ , where uσ is a unit element in A, for each σ ∈ G0. So by the previous
equality we have
∏
h∈H (x|G0|w)h = N(x), where w =
∏
σ∈G0 uσ . Consequently y
|G0| =
εN(x), where ε is a unit element in A. Therefore
P |G0| = y|G0|R =N(x)R.
Finally recall that by Lemma 12 P (i) = P i for each i, and consequently, by Theorem 17,
we have (P ∩AG)(|G0|) = cAG for some c. 
2. Connected graded PI rings
In this section we shall specialize our previous general results to connected graded
Noetherian PI rings. Typical examples are quantum P2 (appearing in Artin–Tate–Van den
Bergh’s list [1, 4.13]) and their higher dimensional generalizations.
Our basic result here is the following theorem. Its first part is a direct consequence of
Theorem A. The proof of the second part is more elaborate requiring, among other things,
results of Danilov (which use Hironaka’s resolution of singularities in char 0) as well as
those of Griffith–Weston [17].
Theorem 30. Let R be a connected N-graded Noetherian PI ring with gl.dimR <∞ (with
homogeneous parts being finite dimensional ). Let d ≡ PI.degR. Then
(i) Cl(Z(R)) is a d-torsion group and rank (Cl(ProjZ(R)))= 1,
(ii) Cl(Z(R)) is a finite group if, in addition, charR = 0. Consequently, Cl(ProjZ(R)) is
a finitely generated group of rank one.
In order to prove the theorem we need some preliminary results.
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ring such that Z(R)⊆ Z(S). Suppose that
(i) RS and SR are flat R-modules,
(ii) for each maximal left ideal λ in S, we have that λ∩R is maximal in R, λ= S(λ∩R)
and R[S/λ] ∼= R[R/λ∩R].
Then S is smooth and gl.dimS  gl.dimR.
Proof. The exact sequence, 0 → λ∩R →R →R/λ∩R → 0 yields by the flatness of S,
the exact sequence
0 → S ⊗R (λ∩R)→ S ⊗R R → S ⊗R [R/λ∩R] → 0.
Now S⊗R R ∼= S and hence S⊗R (λ ∩ R) ∼= S(λ ∩ R), implying that S/λ ∼=
S⊗R [R/λ∩R]. Now let
0 → RFk → ·· · → RF0 → R[R/λ∩R] → 0
be a projective resolution of R/(λ∩R). Then
0 → S⊗R Fk → ·· · → S⊗R F0 → S⊗R
[
R/(λ∩R)]→ 0
is an S-projective resolution of S/S(λ∩R)= S/λ. Hence pr.dim SS/λ pr.dimRR/λ∩R.
To establish the reverse inequality let 0 → SQm → ·· · → SQ0 → S[S/λ] → 0 be a pro-
jective resolution of S[S/λ]. Now RS is flat and hence RQi is flat for each i. Therefore
flat.dimR[S/λ] pr.dim S[S/λ]. Now since R[S/λ] ∼= R[R/λ∩R], we have:
pr.dimR[R/λ∩R] = pr.dimR[S/λ] = flat.dimR[S/λ] pr.dim S[S/λ].
Consequently pr.dim S[S/λ] = pr.dimR[R/λ∩R], for each maximal left ideal λ in S.
Let M1, M2 be two maximal ideals in S which are in the same clique. Let λi be a left
maximal ideal in S such that Mi = − ann SS/λi , for i = 1,2. Clearly by (ii) we have that
Mi ∩R is a maximal ideal in R, for i = 1,2. By [15, Lemma 11.7] we have M1 ∩Z(S)=
M2 ∩Z(S), which implies, since Z(R)⊆ Z(S), that (M1 ∩R)∩Z(R)= (M2 ∩R)∩Z(R).
Consequently, by [4, Proposition 3], since R = T (R), M1 ∩R and M2 ∩R are in the same
clique. Therefore,
pr.dim SS/M1 = pr.dim SS/λ1 = pr.dimRR/λ1 ∩R = pr.dimRR/M1 ∩R
= pr.dimRR/M2 ∩R = pr.dimRR/λ2 ∩R = pr.dim SS/λ2
= pr.dimS/M2,
and S is therefore smooth.
Finally gl.dimS  gl.dimR, follows from pr.dim S[S/λ] = pr.dimR[R/λ∩R], for each
left maximal λ, and [33, Theorem 8]. 
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is not graded.
Lemma 32. Let A= k ⊕ (⊕i>0 Ai) be a connected graded Krull domain. Let F ⊃ k be a
field extension such that B ≡ A⊗k F is a Krull domain. Then the natural map Cl(A) →
Cl(B), is an injection.
Corollary 33. Let R be a connected (over the field k) graded Noetherian PI ring
with gl.dimR < ∞. Then R¯ ≡ R⊗k F is a connected graded Noetherian PI ring with
gl.dim R¯ <∞ and Cl(Z(R))→ Cl(Z(R¯)) is an injection, for any field extension F of k.
Proof. By [43, Theorem 5.4] R is a maximal order domain and is a finite module over
its normal center Z(R) which is therefore a Krull domain. Now clearly R¯ is connected
(over F ), graded and Z(R¯) = Z(R)⊗k F . Hence R¯ is a finite Z(R¯)-module and by the
Artin–Tate lemma, since R¯ is finitely generated over F¯ , Z(R¯) and R¯ are Noetherian.
Moreover gl.dimR = pr.dimRk (see, e.g. [1, p. 41]) and hence gl.dim R¯ = pr.dim R¯F 
pr.dimRk = gl.dimR. Therefore R¯ is a graded smooth Noetherian PI algebra and by [43,
Theorem 5.4], Z(R¯) is a Krull domain. The rest follows from the previous lemma. 
Proof of Theorem 30. By [43, Theorem 5.4], since R is a finitely generated k-algebra, R is
a finite module over its center Z(R). Therefore M ≡⊕i>0 Ri is the unique maximal ideal
above m≡M∩Z(R). Consequently Rm is a local Noetherian PI ring which is a finite mod-
ule over its normal center Zm, where Z ≡ Z(R). Moreover gl.dimRm  gl.dimR < ∞.
Hence, by Theorem A, Cl(Zm) is d-torsion. Now Z is connected and graded with m being
the irrelevant maximal ideal, so by [14, Corollary 10.3], Cl(Z) ∼= Cl(Zm), is d-torsion as
claimed. Now rank(Cl(ProjZ)) = 1, follows from Demazure–Watanabe’s exact sequence
(e.g. [11], [45, Theorem 16], [36, Theorem 2.5, Corollary 2.6]). This completes part (i).
Assume now that chark = 0. Let Zˆm = lim←−i Zm/mim be the mm-adic completion of Zm.
By Corollary 33, we may assume that Z/m ∼= k is algebraically closed. Now Rm has
a unique maximal ideal Mm and we consider Rˆm, the Mm-adic completion of Rm. It
is standard that Rˆm ∼= Rm ⊗Zm Zˆm and hence Zˆm = Z(Rˆm). Consequently by applying
Proposition 31 to Rˆm, we conclude that Rˆm is a smooth local Noetherian PI ring with nor-
mal local center Zˆm. In particular Cl(Zˆm) is d-torsion where d = PI.deg Rˆm = PI.degR.
Similarly we consider Rˆm[[t]] = lim←−i Rˆm[t]/tiRˆm[t]. Again
Rˆm[[t]] ∼= Rˆm[t]⊗Zˆm[t] Zˆm[[t]]
and hence Z(Rˆm[[t]]) = Zˆm[[t]]. Moreover by [5, Theorem 7.3], Rˆm[t] is a smooth
Noetherian prime PI ring and by applying Proposition 31 to the pair Rˆm[t] ⊆ Rˆm[[t]], we
conclude that Rˆm[[t]] is a smooth local Noetherian PI ring. Consequently, by Theorem A,
Cl(Zˆm[[t]]) is d-torsion. Now this combined with the assumption chark = 0 and with [17,
Proposition 3.1] imply that Zˆm has the DCG property (e.g. [14, Chapter V], where it is
abbreviated as DDCG). Consequently, by [10, Theorem 2], see also [21], since Zˆm is ex-
cellent, Cl(Zˆm) is a finitely generated group. So, being a d-torsion group, it implies that
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sult of Mori (see, e.g. [14, Corollary 6.12]), we deduce that Cl(Z) ∼= Cl(Zm) is a finite
group, as required. 
Remark. Actually if chark = 0 one does not need the assumption that the homogeneous
parts of R are finite dimensional. This is true since T (Rm) = Rm and Zm is a direct sum-
mand of Rm in this case. Consequently Zm is Noetherian and Rm is a finite Zm-module
[38, Corollary 5.1.4].
3. Examples
The purpose of the present section is firstly to show that a naive non-commutative gen-
eralization of Auslander–Buchsbaum UFD theorem to smooth PI algebras is not possible.
We show that there are smooth maximal order examples with non-projective height one
prime ideals. We then show that the bound, in Theorem A, on the class group torsion is
optimal. This will be illustrated by two quantum P2 examples. Further calculations with
these examples reveal that their height one primes are in fact principal (but not by a cen-
tral element). This leaves open the possibility that, for some of the families considered in
the present paper, height one primes are principal after all. Note however that for general
smooth PI algebras, with trivial K0, counter examples already appear in [8,9] and are in
fact Dedekind prime rings.
Proposition 34. Let Z be a normal local Noetherian commutative domain and p a height
one prime. Let
R ≡
(
Z p
p−1 Z
)
, where p−1 = HomZ(p,Z)≡ p∗.
Then the following facts hold:
(1) Rp is an Azumaya algebra of rank 4 over its center Zp;
(2) P = ( p p(2)
Z p
)
is the unique minimal prime ideal in R lying over p;
(3) P ∗ = ( p−1 Z
(p(2))−1 p−1
)
, where P ∗ ≡ HomR(PR,RR);
(4) PR is projective iff p(2) = cZ, for some c ∈ Z.
Proof. Rp =
( Zp pp
p−1p Zp
)
. Now Zp is a DVR and hence pp = tZp , for some t .
Consequently Rp = EndZp(Zp⊕pp)∼= EndZp(Zp⊕Zp)∼=M2(Zp), which proves (1).
From (1) we get that there exists a unique height one prime ideal P in R such that
ppRp = Pp and that P is the unique prime ideal in R which contracts to p. Next we shall
show that P = ( p p(2)
Z p
)
. Now clearly
pR =
(
p p2
pp−1 p
)
.
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P =R ∩ Pp =R ∩ ppRp =
(
Z p
p−1 Z
)
∩
(
pp p
2
p
Zp pp
)
=
(
Z ∩ pp p ∩ p2p
p−1 ∩Zp Z ∩ pp
)
=
(
p p(2)
p−1 ∩Zp p
)
.
So we only need to show that p−1 ∩ Zp = Z. One clearly has Z ⊆ p−1 ∩ Zp . We now
prove the reverse inclusion. Assume by negation that x ∈ p−1 ∩ Zp with x /∈ Z. So x =
cd−1, c /∈ dZ and c, d ∈ Z. Also x = as−1, s /∈ p and a, s ∈ Z. Now cd−1 = x = as−1
implies sc = ad . Also x ∈ p−1 entails px ⊆ Z and pc ⊆ dZ. Consequently (p, s)c ⊆ dZ,
with c /∈ dZ. This shows that grad(p, s) = 1, which is impossible since Z is normal and
height(p, s) > 1. This proves that p−1 ∩Zp = Z and (2) is established.
(3) We firstly observe that p−1p(2) ⊆ p. Indeed if x ∈ p(2), then sx ∈ p2 for some
s ∈ Z\p. Hence sp−1x ⊆ p2p−1 ⊆ p. Also p−1x ⊆ p−1p ⊆ Z. Consequently p−1x ⊆ p
as claimed. Let Q(Z) = quotient field of Z. Next we verify that (p2)−1 = {y ∈ Q(Z) |
yp ⊆ p−1}. Clearly if yp ⊆ p−1 then yp2 ⊆ p−1p ⊆ Z and y ∈ (p2)−1. Conversely if
y ∈ (p2)−1 then yp2 ⊆ Z, that is (yp)p ⊆ Z implying that yp ⊆ p−1. Let Q(R) be the
quotient ring of R. Then
Q(R)=
(
Q(Z) Q(Z)
Q(Z) Q(Z)
)
.
Let y ∈ P ∗. So
y =
(
α β
γ δ
)
, with α,β, γ, δ ∈Q(Z).
Then yP ⊆R implies αp+βZ ⊆ Z, αp(2)+βp ⊆ p, γp+δZ ⊆ p−1 and γp(2)+δp ⊆ Z.
This implies for α that αp ⊆ Z and αp(2) ⊆ p. Now by the above p−1p(2) ⊆ p and so we
only require that α ∈ p−1. The constraints on γ are γp ⊆ p−1 and γ ∈ (p(2))−1. Now the
former is equivalent to γ ∈ (p2)−1 and so we are left with γ ∈ (p(2))−1. Finally it is clear
that β ∈Z and δ ∈ p−1 are the remaining conditions. Consequently we have shown that
P ∗ =
(
p−1 Z
(p(2))−1 p−1
)
as claimed in (3). Therefore
PP ∗ =
(
p p(2)
Z p
)(
p−1 Z
(p(2))−1 p−1
)
=
(
pp−1 + p(2)(p(2))−1 p
p−1 Z
)
.
Recall that PR is projective iff 1 ∈ PP ∗, which is therefore equivalent here to Z =
pp−1 + p(2)(p(2))−1. Now since Z is local, if p(2) is not principal then p is not principal
and hence pp−1 + p(2)(p(2))−1 is contained in the unique maximal ideal of Z and is
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in (4). 
We thank Colin Ingalls for bringing the next example to our attention.
Example 35. There exist a smooth PI ring which is also a maximal order with a (unique)
height one prime P which is not a projective R-module on either side.
Proof. Let F be a field and Z = F [x, y, z,w]/(xy − zw). Z is called the “Atiyah flop”
in [44]. Let p = (x¯, z¯). Then clearly p is a height one prime in Z. Let
R =
(
Z p
p−1 Z
)
be as in the previous proposition. Then, it is shown in [44, Corollary 3.2.11] that R is
smooth (with gl.dimR = 3). Moreover by [14, Corollary 14.9, p. 66] Cl(Z) ∼= Z. Also if
m = (x¯, y¯, z¯, w¯) then, since Z is graded, [14, Corollary 10.3] implies that Cl(Zm) ∼= Z.
Therefore by Lemma 10, Rm is a smooth semi-local PI ring with Cl(Zm)∼= Z. This shows
by the previous proposition that
Pm =
(
pm p
(2)
m
Zm pm
)
is not projective as a right Rm-module. Similar considerations also show that Pm is not
projective as a left Rm-module. Finally Rm is a maximal order since Rm satisfies the inter-
section condition by [43, Theorem 5.4(ii)] and since RV is Azumaya for each height one
prime ideal V in R. 
We shall next consider two examples of I. Mori.
Example 36. [29, Example 5.1] Let k be an algebraically closed field and
R = k[x, y, z | xy = −yx, xz = −zx, yz = zy].
Example 37. [29, Example 5.6] R = k[x, y, z | yz = −zy + x2, xz = −zx, xy = −yx].
Both examples are quantum P2, the first one is linear and the second is of type S11 .
Our basic result here is the following theorem. In its proof we make an essential use of
(the two parts of) Theorem A.
Theorem 38. Let R be either one of the above examples. Then R is a smooth Noetherian
PI ring with trivial K0 and with PI.degR = 2. Moreover,
(i) Cl(Z(R))∼= Z/2Z,
(ii) every height one prime ideal in R is principal (but not necessarily centrally generated).
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possible.
Proof. We shall prove the theorem in steps.
Step 1. PI.degR = 2.
Indeed in the first example Z(R) = k[x2, y2, z2, yz] and in the second example
Z(R) = k[x2, y2, z2, x3 − 2xyz]. Now R is prime affine PI; therefore if M is any max-
imal ideal in R we need to show that [R/M : Z(R/M)] < 9. Now this is clear since
{1¯, x¯, y¯, z¯, x¯y¯, x¯z¯, y¯z¯, x¯y¯z¯} spans R/M as a vector space over Z(R/M), where bars de-
note images in R/M .
Step 2. R is a smooth Noetherian PI ring.
This is a consequence of [43, Corollary 4.2].
Step 3. Cl(Z(R))∼= Z/2Z.
In the first example Z(R) = k[x2, y2, z2, yz] and hence by [14, Example 16.5]
Cl(Z(R)) ∼= Cl(k[y2, z2, yz]) ∼= Z/2Z. The second example is more complicated. Indeed
Z(R) = k[x2, y2, z2, x3 − 2xyz]. Moreover (x3 − 2xyz)2 = x6 − 4x2y2z2 = x2(x4 −
4y2z2) as is easily checked. Consequently Z(R) ∼= k[a, b, c, t]/(t2 − a(a2 − 4bc)), when
a, b, c, t are variables (taking x2 = a, y2 = b, z2 = c, x3 − 2xyz = t).
We next show that Cl(k[a, b, c, t]/(t2 − a(a2 − bc))) ∼= Z/2Z. We thank Mark Gross
for the following proof (we changed his geometric language into an algebraic one). Let
A≡ k[a, b, c, t]/(t2 − a(a2 − bc)), D ≡ k[a, b, c, t], S = {aibj }. It can be easily checked
that As¯ ∼=Ds/(t2 − a(a2 − bc))s ∼= k[a, b, t, a−1, b−1] and so is a UFD. Now by Nagata’s
theorem [14, Theorem 7.1] the following is an exact sequence
0 → Kerν → Cl(A) ν→ Cl(As¯)→ 0,
where Kerν is generated by all height one primes p in A with A ∩ S¯ = ∅. It suffices
therefore to show that Kerν (∼= Cl(A)) is not trivial and is generated by a single p, with
height(p)= 1 and p(2) = (x), for some x ∈A. Let p be a height one prime with p∩ S¯ = ∅.
Then either a¯ ∈ p or b¯ ∈ p. We claim that b¯A is a prime ideal. Indeed
bD + (t2 − a(a2 − bc))D = (t2 − a3)D + bD
and hence
A/b¯A∼=D/(bD + (t2 − a(a2 − bc))D)=D/((t2 − a3)D + bD)
∼= k[a, c, t]/(t2 − a3),
which is a domain. Consequently if b¯ ∈ p then b¯A= p and [p], its image in Cl(A), is 1.
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seen that A/(a¯, t¯)∼= k[c, b] which is a domain, hence (a¯, t¯)= p. This shows that Cl(A)∼=
Kerν is generated by [(a¯, t¯)] and (a¯, t¯ ) is not principal since t¯2 = a¯(a¯2 − b¯c) shows that A
is not a UFD. Finally [(a¯, t¯)]2 = 1 or p(2) = (a¯), can be deduced from Theorem A since
A∼= Z(R) or from the isomorphism A/a¯A∼= k[b, c, t]/(t2) where the latter has an Artinian
quotient ring.
We shall now proceed to show that every height one prime ideal P in R, is principal.
Step 4. Assume that v ∈ P , where v ≡ yz in the first example and v ≡ x3 − 2xyz in the
second example.
In the first example v ∈ P implies y ∈ P or z ∈ P . Consequently, since yR and zR
are prime ideals in R, we have P = yR or P = zR as needed. In the second example
v = x(x2 − 2yz) ∈ P implies that x ∈ P or x2 − 2yz ∈ P . Now xR is a prime ideal in R
and hence xR = P in the first possibility. If [z, y] = x2 − 2yz ∈ P we shall finish if we
show that [z, y]R is a prime ideal in R. It is easy to show that [z, y] is a normal element
in R. Let R¯ =R/[z, y]R. We shall firstly observe that y¯ is a non-zero divisor in R¯. Indeed
ye = [z, y]f for some e, f ∈ R implies, using the normality of [z, y] that ye = f1[z, y]
and by a degree argument, that f1 ∈ yR and therefore e ∈ [z, y]R. Also y¯ is a normal
element in R¯ and hence O = {y¯n | n = 1, . . .} is an Ore set in R¯. Hence R¯O = R¯[y¯−1] =
k{x¯, y¯, y¯−1}, where the last equality follows from the equality x¯2 = 2y¯z¯. So it only remains
to show that k{x¯, y¯} is a prime ring. Now k{x¯, y¯} ∼= k{x, y}/[z, y]R ∩ k{x, y} and clearly
[z, y]R ∩ k{x, y} = 0, implying that k{x¯, y¯} ∼= k{x, y} and the latter is clearly prime.
Step 5. We may assume that v /∈ P and PI.degR/P = 2.
That v /∈ P follows from the previous step. In the first example, if PI.degR/P = 1, then
[x, y] = 2xy ∈ P and [x, z] = 2xz ∈ P . Hence xR = P and we are done. In the second
example if PI.degR/P = 1, then [x, z] = 2xz ∈ P and [x, y] = 2xy ∈ P . Now if x ∈ P
then xR = P which is a contradiction since in R/P ∼= k{y¯, z¯} we have y¯z¯ = −z¯y¯. But if
y ∈ P and z ∈ P then height(P ) > 1 which was excluded. Therefore PI.degR/P = 2, for
every height one prime P in the second example.
Step 6 (Notation). We shall denote by C = k[x2, y2, z2], v = yz in the first example, v =
x3 − 2xyz in the second example. Let q ≡ P ∩Z(R) and p ≡ P ∩C = q ∩C.
Step 7. If q = dZ(R) then P = dR.
Indeed P is the unique prime above q (having PI.degR/P = 2 = PI.degR). Now by
[5, Theorem 4.1] R/dR has an Artinian quotient ring, P¯ = P/dR is the unique minimal
prime ideal and if s /∈ q is central, then s¯ is regular in R¯ =R/dR. Now Rq is Azumaya, so
Pq = qqRq = dRq . Hence if h ∈ P there exists s ∈Z(R)\q such that sh ∈ dR. Therefore,
by the above, s¯ is regular in R¯ and hence h ∈ dR. Consequently P = dR.
Step 8. q is unramified over p.
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Therefore f ′(v) = 2v /∈ q (since v /∈ P ). The result now follows from [30, Theo-
rem 38.6(1)].
Step 9. {1, v} is a free basis of Z(R) over C.
Indeed if Av = B with A,B ∈ C then A,B are polynomials in even degree in x, y, z.
However v has an odd degree in each example. This leads to an obvious contradiction.
Step 10. We may assume that pZ(R)= q1 ∩ q2 (where q1 ≡ q).
Indeed, by Step 9 [Z(R)p/pZ(R)p : Cp/pp] = 2, so by Step 8, either ppZ(R)p = qp
or ppZ(R)p = q1p ∩ q2p . Now height(p) = 1, so p = (a), for some a ∈ C. Hence in
both options sq ⊆ aZ(R) or s(q1 ∩ q2) ⊆ aZ(R) for some s ∈ C\p. Now R/aR has an
Artinian quotient ring and so does Z(R)/aZ(R). So s¯ is regular in Z(R)/aZ(R), implying
that either q = aZ(R) or q1 ∩ q2 = aZ(R). If q = aZ(R) then by Step 7, P is principal.
So we may assume that q1 ∩ q2 = aZ(R).
Step 11. a2Z(R)= q(2)1 ∩ q(2)2 = d1Z(R)∩ d2Z(R), for some d1, d2 ∈Z(R).
Indeed aZ(R)p = q1p ∩ q2p . Hence
a2Z(R)p = q21p · q22p = q21p ∩ q22p.
Now R/a2R has an Artinian quotient ring and the same holds for Z(R)/a2Z(R), where
the two minimal primes of the latter are q1/a2Z(R), q2/a2Z(R). So C\p acts regularly
on Z(R)/a2Z(R), implying that a2Z(R)p ∩Z(R)= a2Z(R). Lastly, the equalities q(2)1 =
d1Z(R), q
(2)
2 = d2Z(R) follow either from Theorem A or from Step 3.
Step 12. a2Z(R)= d1d2Z(R) and after modifications we have a2 = d1d2.
Indeed, we shall show that d1Z(R)∩d2Z(R)= d1d2Z(R). Now (d1Z(R)∩d2Z(R))p ⊆
q21p ∩ q22p = q21p · q22p = d1d2Z(R)p , so (d1Z(R) ∩ d2Z(R)/d1d2Z(R)) · s = 0, for
some s ∈ C\p. Now d1Z(R)/d1d2Z(R) is a right projective Z(R)/d2Z(R)-module and
s is regular in Z(R)/d2Z(R) since the latter has an Artinian quotient ring. Therefore
d1Z(R) ∩ d2Z(R)/d1d2Z(R) = 0. Consequently a2 = d1d2ε, when ε is a unit in R. Now
since the only units in R are in k we can modify d2 and get that a2 = d1d2.
Step 13. a2 = dσ(d), where d = c0 + cv, σ(d)= c0 − cv, c0, c1 ∈ C.
Indeed σ(α + βv)≡ α − βv, for all α,β ∈ C defines an automorphism of Z(R) which
fixes C. Hence aZ(R) = q1 ∩ q2 implies that aZ(R) = σ(q1) ∩ σ(q2). Moreover σ(v)−
v = −2v /∈ q1 ∪ q2 (since v2 /∈ p = P ∩C), implies by [12, 1.2(5), p. 81] and Step 8, that
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q1p and q2p . Therefore σ(q1)= q2 and σ(q2)= q1. This implies
σ
(
qi1p
)= qi2p for each i, and
σ
(
q
(i)
1
)= q(i)2 , for each i.
In particular σ(q(2)1 ) = q(2)2 . Therefore σ(d1) = d2ε when ε is a unit in R. So we may
assume that σ(d1)= d2 (and σ(d2)= d1).
Step 14. Splitting into two cases:
Case (1) c0 − a = v2A, c0 + a = B , A,B ∈ C and (A,B)= 1;
Case (2) c0 − a = π1A, c0 +A = π2B , A,B ∈ C, π1π2 = v2, π1, π2 are prime elements
in C and (A,B)= 1.
Indeed, by Step 13,
a2 = (c0 + c1v)(c0 − c1v)= c20 − c21v2.
Hence
c21v
2 = c20 − a2 = (c0 − a)(c0 + a).
Recall that v2 = y2z2 in the first example and so π1 = y2, π2 = z2. In the second example
v2 = x6 − 4x2y2z2 = x2(x4 − 4y2z2).
So take x2 = π1 and x4 − 4y2z2 = π2, which is easily seen to be a prime element in C. So
by the factoriality in C we have the separation into the two above cases. The only thing left
is the claim: (A,B) = 1. Say π is a common prime divisor of A and B . Then π divides
(c0 − a)+ (c0 + a) = 2c0 as well as (c0 + a)− (c0 − a) = 2a. Hence π divides a which
means π = a (neglecting units in k). Now
a2 = c20 − c2v2,
so π = a divides c21v2. Now v2 /∈ p (Step 4), so a does not divide v2 and hence a divides c21,
that is, a divides c1. Therefore a divides d = c0 + c1v. Hence
q
(2)
1 = dZ(R)⊆ aZ(R)= q1 ∩ q2 ⊆ q2,
implying q1 = q2 which was excluded.
Step 15 (handling Case (1)). We have c0 − a = v2A, c0 + a = B , A,B ∈ C and
(A,B)= 1. Hence
c2v2 = c2 − a2 = v2AB or c2 =AB.1 0 1
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c1 = ef . Therefore 2c0 = v2A+B = v2e2 + f 2. Consequently
(
f√
2
+ e√
2
v
)2
= f
2
2
+ e
2v2
2
+ 2f ev
2
= c0 + c1v = d = d1.
Let a1 = f/
√
2 + (e/√2)v. Then a21 = d . Hence q21 ⊆ q(2)1 = dZ(R) = a21Z(R), implies
that (a−11 q1)(a−1q1)⊆ Z(R). Now Z(R) is normal, so a−11 q1 ⊆ Z(R) and therefore q1 ⊆
a1Z(R). The reverse inclusion is trivial since a21 = dε ∈ q1. So q1 = a1Z(R) and Step 7
furnishes the result.
Step 16 (handling Case (2)). We have c0 −a = π1A, c0 +A= π2B , A,B ∈ C, (A,B)= 1
and v2 = π1π2, where π1 and π2 are prime elements in C. Now in the first example π1 =
y2, π2 = z2, y and z commute, and in the second example π1 = x2, π2 = x4 − fy2z2 =
[z, y]2. Also [z, y] = x2 − 2yz, so x[z, y] = v and x and [z, y] commute. Therefore π1 =
α2, π2 = β2, α,β ∈ R (not necessarily central) and [α,β] = 0. As in the previous step
c21v
2 = c20 − a2 = π1π2AB = v2AB . Hence c21 =AB , and since (A,B)= 1, we get
A= e2, B = f 2, e, f ∈ C, (e, f )= 1 and c1 = ef.
Now
2c0 = π1A+ π2B = π1e2 + π2f 2 = α2e2 + β2f 2.
Therefore
d = c0 + c1v = α2e2 + β2f 2/2 + e · f αβ = 1/2(αe + βf )2.
Denote by b ≡ (αe + βf )/√2. We have that b2 = d . Moreover one checks in each example
that b is actually a normal element (in the second example y[z, y] = −[z, y]y and similarly
for z). Finally
dR = b2R ⊆ P 2 ⊆ P (2) ≡ dR
(here we use the PI.degR/P = 2 assumption, since q(2) = dZ(R), see the remark after
Theorem 17). Therefore b2R = dR = P 2. Also P is localizable and hence bP = Pb.
Therefore
(
b−1P
)(
b−1P
)= b−1(Pb−1)P = b−2P 2 =R,
implying since R is a maximal order that b−1P ⊆ R. Hence P ⊆ bR and the converse
inclusion is trivial since b2 ∈ P and b is normal. This finishes the proof of Theorem 38. 
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